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For any factorization of the state space of a generic quantum system
as a product of two-dimensional Hilbert spaces a corresponding system of
interacting classical tops is considered. A high temperature ensemble of the
classical system is associated with every pure quantum state. Expectation
values of corresponding observables with respect to the time evolution of the
quantum state and of the classical ensemble coincide up to a multiplicative
factor. Finally a possible generalized quantization scheme is briefly discussed.
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As pointed out by Feynman in his seminal paper [1], a typical feature of quantum systems
is the exponential growth of the state space dimensions with the number of their constituents.
This observation makes quantum memory registers much more powerful than classical digital
ones and is the main motivation leading to the exciting idea of quantum computing [2]. On
the other hand this same feature makes simulation of quantum systems very hard, which
is at the basis of Feynman’s suggestion that the only eective mean to simulate them is a
quantum computer.
Paradoxically the nice idea of room temperature bulk NMR computing [3,4] in its turn
shows that one can simulate eectively quantum computing by classical means [5,6], at least
within the ideal model, which, according to microscopic standards, has an enormous time
range of validity, to be specic up to a few seconds [7]. This is done by exploiting the
notion of a pseudo-pure state [8,9]. By this we mean that expectation values of traceless
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observables of a single molecule with respect to a pure state coincide, as a function of time,
up to a scale factor with the corresponding macroscopic ones of a bulk thermal state in the
high temperature approximation. Furthermore the bulk dynamics has a completely classical
character, this realizing the equivalence between this classical dynamics and the original
single molecule quantum dynamics.
On the other hand it was shown [6] that the equivalence of bulk physics and quantum
dynamics of a single molecule holds even if quantum nuclear spins in the bulk are replaced
by classical tops, as one should expect to be true for high temperature bulk dynamics. The
rationale of the apparent paradox consists in trading the huge state space of a quantum
molecule associated with quantum correlations with the need of taking not just one classical
molecule but a whole ensemble.
In this paper we consider the quantum dynamics of a generic quantum system with a
nite dimension Hilbert state space. If necessary we enlarge its state space with redundant
dimensions in such a way that its dimension be a power of two, say 2n. We show how the
above ideas [5,6] allow to establish a general equivalence between the quantum dynamics
of such a system and the high temperature dynamics of a corresponding system of classical
tops. This gives rise to an eective quantization method for arbitrary systems with a nite
dimensional state space, where eectiveness means that classical phase space dimensions
grow only linearly with physical dimensions. In particular the above equivalence applies to
systems as varied as Heisenberg, Hubbard, t-j models and so on, even in their disordered
version as quantum spin glasses [10].
To be specic consider now the total m  2n-dimensional Hilbert space of a generic
















the usual Pauli generators of the corresponding su(2) algebras, where, to avoid using tensor
product symbols in the following, the generic σpj is meant to be itself a tensor product of
n− 1 2 2 unit matrices and the corresponding σj matrix as the p-th factor.
Consider now the expectation values hAis of traceless operators with respect to an arbi-




+ R, R 2 su(m),
R  Rj1j2...jnσ1j1σ2j2 ...σnjn , j1, j2, ...jn = 0, 1, 2, 3, σp0  1, R00...0 = 0 (2)
and compare them in the high temperature limit β ! 0 with the ones hAiρ corresponding

















(In Eq. (2) and henceforth summation over repeated tensor-like indices is implied.) Fur-












by which the pure state evolution may be considered to be equivalent to the one of the
pseudo-pure state within the high temperature approximation.
Consider now a system of n classical tops, namely a Hamiltonian system whose coordi-
nates
Spj ; p = 1, 2, ..., n; j = 1, 2, 3,










and assume that it is described by a classical statistical ensemble with the same expression
as the quantum one in Eq. (3) with the replacements m ! 4pi and
σpj ! 2Spj . (7)
If the spin of classical tops is xed to the spin 1/2 value Spj S
p
j = 3/4, quantum expectation
values of an arbitrary operator
F  Fj1j2...jnσ1j1σ2j2 ...σnjn (8)
with respect to the quantum pseudopure state (3) and of its classical counterpart obtained
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jn = 0 if 9k : jk 6= 0, (10)
where dΩp denotes the Liouville measure on the single top phase space.
Consider now the time evolution of both the quantum and the classical ensembles gen-
erated by the generic, possibly time dependent, Hamiltonian operator
H  Hj1j2...jn(t)σ1j1σ2j2 ...σnjn (11)
and the corresponding Hamiltonian function obtained by substitution (7). Even the dier-
ential equations for the time evolution of coecients Rj1j2...jn(t) coincide if evaluated from

























−i [H, R] σ1j1σ2j2 ...σnjn
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due to the isomorphism between the algebraic relations (1) and (6) and Eq.s (9,10) connect-
ing quantum traces and classical averages. This completes the proof of the equivalence.
To illustrate the procedure consider a disordered single band Hubbard model, which is
relevant to the analysis of high-TC superconductors and doped metal oxides in general [11].
In it everyone of a cluster or lattice of sites can accommodate two electrons with opposite
spin, like an atomic orbital. Then we can for instance factor the single site state space as
the tensor product of the two-dimensional state spaces corresponding to spin up (") and
spin down (#) along the third space axis. Let’s denote by σp"j , σp#j the generators of the
Pauli algebra corresponding to the p-th site dened in such a way that positive and negative
eigenvalues of σ3 matrices respectively correspond to electron presence and absence. The


















, σ  σ1  iσ2, (14)
where the rst term describes the electron hopping from site to site and the second one the
electrostatic repulsion between electrons sitting in the same site. If one subtracts from this
Hamiltonian operator the irrelevant constant term
∑
p Up/4, it acquires the form (11) and
then can be equivalently considered as a Hamiltonian function for classical tops according
to (7).
Of course this choice is not unique to produce a system of classical tops emulating
the quantum Hamiltonian HH , even if we limit our attention to factorizations not mixing
dierent sites. If for instance one makes in Eq. (14) the substitution
σp"1  σp21 , σp"2  σp13 σp22 , σp"3  σp13 σp23 (15)
σp#1  σp12 σp21 , σp#2  σp13 , σp#3  σp11 σp21 ,
which is invertible and preserves all algebraic relations, one gets a new expression of the
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same quantum Hamiltonian, which, through (7) gives rise to a dierent system of classical
tops.
The proposed quantization procedure can be summarized as follows. First of all one
has to enlarge, if necessary, the state space of the considered quantum system to make its
dimension a power of two. Once one has chosen among all possible factorizations as a tensor
product of two-dimensional Hilbert spaces the computationally most convenient one, a (not
necessarily pure) state is xed as the initial condition for quantum evolution. Then the time
evolution of a system of classical tops starting from an initial corresponding pseudopure state
gives all needed information to reconstruct the quantum evolution. In fact, averaging on the
ensemble one gets expectation values of all possible classical observables (8), which allow to
reconstruct the coecients Rj1j2...jn(t) dening the classical ensemble. In their turn these
coecients coincides with those dening the quantum operator R(t) and then the evoluted
quantum state.
In conclusion a comment is in order.
If one consider lattice systems, say Hubbard-like models, the most natural choice would
consist in factoring the total Hilbert space as the product of single site Hilbert spaces whose
dimension is greater than two, say for simplicity 2ν without their further factorization in two-
dimensional spaces. The whole procedure could then be rephrased in terms of orthonormal
bases of the corresponding su(2ν) algebras replacing Pauli matrices. Classical tops are then
replaced by Hamiltonian systems on coadjoint orbits [12]. Unfortunately, while coadjoint
orbits of su(2) are all equivalent among themselves, up to a scale factor, this is not so for
su(µ) with µ > 2, which would force in general to consider the analogous R operator as a
sum of separate terms, each one corresponding to specic orbits. The evolution of each term
is then emulated by the one of a corresponding classical ensemble on a specic phase space.
While in principle this is possible and gives rise to a more general quantization procedure,
it turns out in general to be, at least computationally, less eective, not only for requiring
the consideration of several classical phase spaces. In fact such a single site system involves
(2ν)2 − 1 classical variables, whereas the corresponding factorization in pseudospin systems
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involves 3ν pseudospin variables.
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